EQUIVARIANT GERBES ON COMPLEX TORI 
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Abstract. We explore a new direction in representation theory which comes from holomorphic gerbes 
on complex tori. The analogue of the theta group of a holomorphic line bundle on a (compact) complex 
torus is developed for gerbes in place of line bundles. The theta group of symmetries of the gerbe 
has the structure of a Picard groupoid. We calculate it explicitly as a central extension of the group 
of symmetries of the gerbe by the Picard groupoid of the underlying complex torus. We discuss 
obstruction to equivariance and give an example of a group of symmetries of a gerbe with respect to 
which the gerbe cannot be equi variant. We calculate the obstructions to invariant gerbes for some 
group of translations of a torus to be equivariant. We survey various types of representations of the 
group of symmetries of a gerbe on the stack of sheaves of modules on the gerbe and the associated 
abelian category of sheaves on the gerbe (twisted sheaves). 



1. Introduction 

This article is a continuation of [2] so let us briefly summarize some of the pertinent points of that 
work. The symbols O and O x refer to the holomorphic and nowhere zero holomorphic functions on 
some complex manifold (the specific manifold will be clear from the context) with the obvious group 
structures. Holomorphic (banded) x -gerbes on a complex manifold M form a 2— groupoid and their 
equivalence classes are calculated by the cohomology H 2 (M, O x ) computed in the classical topology. 

A O x -gerbe © over a complex manifold M is a twisted form of Vicu- Let us give a quick description 
of an x -gerbe without all the details. It consists first of all of a stack 65 on M. This includes a 
category 65(f7) for each open set U C M, and functors <&(U) —> 65 (V) for every inclusion of open sets 
V C U satisfying certain axioms. Second, one has an action functor of the stack in Picard groupoids 
Vicu on ©. 

Tic M x 65 ->• 65 
(£,G) ^C-G 

such that for every m € M there is an open U containing m such that 65 (U) is non-empty and for each 
object G of <S(U), the functor 

Vic M {U) ->■ 0(17) 



C h> £• G 

is an equivalence of categories. x -gerbes on M can be tensored over Vicm giving the structure of a 
group to the set of equivalence classes which agrees with the cup product on cohomology classes. Some 
material on holomorphic gerbes both old and recent can be found in [5], [8], [4], [11], [9], [6], [2], [3], 
[13] , [IS] an d [IH]- In this paper, we will refer to O x -gerbes simply as grebes. Gerbes arise in physics in 
attempting (see for instance [13]) to understand ambiguities in the definition of the generalized Kahler 
potential in the context of sigma models with N = (2, 2) supersymmetry. 
Let X = V/A be a complex torus. The projection map will be denoted by 

7T : V -> X. 

Given an element E 6 Alt 3 (A,Z) such that 



(1) 



E(x, y, z) — E(ix, iy, z) + E(x, iy, iz) + E(ix, y, iz) 

l 
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(2) 



we defined an element of C 2 (A, 0(V)) by 

H Xl ,\ 2 {v) = ^E(v,X u X 2 ) + ^E(iv,i\ 1 ,X 2 ) + ^E(iv,X u iX 2 )^ 

+ ~ (5% *Ai,A 2 ) + -^(«,Ai,iA 2 ) - S(i«,Ai,A a )). 
If we are also given an element £ £ Alt 2 (A, R) we denned $ = of C 2 (A, O x (V)) by 

(3) = CX P (^(Ai. A ») + + /^Ai,a 2 + 

which in fact is shown to lie in Z 2 (A, O x (V)). The definition of /3', f}" e C 2 (A, R) is not important for 
us and can be found in [5] . By applying to $ the connecting homomorphism in the short exact sequence 

we get a class in Z 3 (A,Z) the skew-symmetrization of which is an element of Alt 3 (A,Z) which agrees 
with E. If E = then the element & B ' E comes from the image of B in Z 2 (A, 0(V)). The map exp is 
defined by exp(z) = e 2vlz . As shown in [2], all classes in 

H 2 (X,O x ) = H 2 {A,O x (V)) 

come from such a pair (B,E). The cohomology on the right is the group cohomology of the lattice 
A acting on functions by translation. The class E is uniquely determined although the class B is 
not. In fact two pairs (B\,Ei) and (B 2 ,E 2 ) describe isomorphic gerbes if and only if E\ = E 2 and 
Bi-B 2 E Alt 2 (A,Z)+Alt 2 (A,R)( 1 ' 1 ) where the space Alt 2 (A,R)( 1 ' 1 ' depends on the complex structure 
on the complex torus X . This is a "canonical" cocycle in the same sense as the Appell-Humbert theorem 
[Tj.]12j. [15] . A K — equivariant gerbe on a complex manifold M acted on by some group K consists 
of a gerbe on M, a (1—) isomorphism of the two pullbacks of & to K x M (which is analytic over 
each point of K), and a (2™) isomorphism relating the three resulting (l-)isomorphisms on K x K x M 
(analytic over each pair of points in K) which satisfies a natural coherence condition on K x K x K x M. 
A K -invariant gerbe is simply a gerbe © on M, a (1—) isomorphism of the two pullbacks of 25 to K x M 
which is analytic over each point of K. 

In this paper we address the question of when a if-invariant gerbe has a if-equivariant structure, 
if- invariant gerbes are classified by H 2 (M,O x ) K . Geometrically, we compute obstructions to a K- 
invariant gerbe on M being the pullback of a gerbe on a quotient stack [M /K] , which is the same as an 
equivariant gerbe. We conclude the introduction with two technical remarks that will be used in the 
body of this article. 

Remark 1. There is a spectral sequence converging to the equivalence classes of equivariant gerbes 
where we take in the following group cohomology with differentiable cochains 

K* -> H j (M,O x ) 

(for values of i and j shown below). We can also replace K by one of its discrete subgroups. 
The E 2 term of this spectral sequence looks in the lower left corner like 

(4) 



H 2 (M,O x ) K 






iJ 1 (Af,O x ) A " 


H 1 (K,H 1 (M,O x )) 


H 2 (K,H 1 (M,O x )) 


(O x (M)) K 


H 1 (K,O x (M)) 


H 2 (K,O x (M)) H 3 {K,O x (M)) 



converging along the third anti-diagonal to the equivalence classes of equivariant gerbes. Thus there are 
two maps that concern us: 

H 2 (M,O x ) K % H 2 (K,H 1 (M,O x )) 



H 2 (M,O x ) K D ker(d 2 ) d Ml 3 (K,O x (M))/d 2 (H 1 (K,H 1 (M,O x ))). 
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In order to answer the question of when a K -invariant gerbe has a K -equivariant structure we will 
therefore need to characterize the conditions under which an element of the E 2 term concentrated in 
H 2 (M,O x ) K survives to the third anti-diagonal of E4 which is the third anti-diagonal of E^,. Notice 
also that the above spectral sequence is contravariant with respect to maps of pairs (Ki,M\) — > (K 2 , M 2 ) 
which respect the group and analytic space structures and are compatible with the group action. 

Remark 2. Suppose now that X = M is a complex torus and K is a torsion subgroup of the translations 
of X such that every x G K fixes a gerbe 25. // we consider the short exact sequence 

-> Pic°(X) -> Pic(X) -> NS(X) -> 

then there is a resulting long exact sequence: 

> [H^K^SiX)) = Hom(K,NS(X))} -> H 2 (K, Pic°(X)) ->■ H 2 (K, Pic(X)). 

Since K is torsion the term Hom(K, NS(X)) vanishes and so H 2 (K, Pic°(X)) includes into H 2 (K, Pic(X)). 
Also, we can conclude that any element in H 1 \K , Pic(X)) can be lifted to H 1 (K , Pic° {X)) = Hom(K, Pic°(X)). 
Since any such homomorphism can clearly be lifted to a homomorphism from K to Z 1 (A, 17(1)), the 
differential d 2 vanishes on H 1 {K,H 1 {M,O x )). 

2. Generalities 

Definition 1. Let & be a gerbe on complex torus X. We define K[&) C X to be the subgroup of X 
consisting of elements x G X such that the translation x-<8 of & is isomorphic to & . The inverse image 
under tt : V — > V/A is denoted by 

A(0) = Tr -1 ^©)) 

We will often consider images of certain classes under the pullback map on group cohomology 

tt* : H j (K(<S),M) -S- H j (A{<5),M) 

defined for a K (©)-module M. 

Definition 2. Let & be a gerbe on a complex torus X . The theta groupoid {?(©) is defined as follows 

ob(G(&)) = {(x, f)\x G X, f : x ■ © ^ ©} 

For x\ ^ X2 

Hom g{&) {{x 1 J 1 ) 1 (x 2l f2)) = 

and 

Homg (&) {{x,fi), (x,f 2 )) = Isom{f 1 ,f 2 ). 

If one thinks of f\ and f 2 as twisted line bundles for (x ■ ® (5 then f^ x f 2 is a line bundle on X 
and an isomorphism is a global nowhere vanishing section of this line bundle. The Picard structure on 
this groupoid is given by the functor 

m : C7(0) x Q{ti) -> Q(<5) 

defined on objects by 

m((x 1 ,f 1 ),(x 2 ,f 2 )) = {xi +x 2 ,fi o{xi ■ f 2 )) 
and on morphisms in the obvious way. Similarly, we have the lifted theta groupoid G(&). It is defined 
in the same way as the theta groupoid but using elements of the vector space V acting via n in place of 
elements of X. 

Notice that we have a short exact sequences of Picard groupoids 

-> Vic(X) -> -> K(&) -)• 0. 

and similarly 

-> Tic(X) -> G(0) -> A(0) ->• 0. 
corresponding to the action of K(&) on Vic(X) by translations, for which Pic(X) becomes a K(<5)- 
module. 

If we pass to equivalence classes we get short exact sequences 
(5) O^Pic(X) -^n Q (g(&)) ->Jf(G) ^0 
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and similarly 

(6) -> Pic(X) -> 7r o (G(0)) ->• A(<5) ->• 0. 

We call 7r (<?(©)) and 7r (G(©)) the theta group and lifted theta group of ©. In general the arrows 
w ■ © — > © are twisted line bundles represented by cochains t w G C 1 (A, x (V)) whose precise formula 
will be derived in Section |U 

Example 1. In the case where © is trivial, then AT(©) = X and the corresponding structure of a Picard 
groupoid on the product 

X x Vic(X) 

is 

(7) (xt,Lt) ■ {x 2 ,L 2 ) = (xi + x 2l L 1 (g> [xi ■ L 2 )). 

The automorphisms of a gerbe on any space form a Picard groupoid which is canonically isomorphic 
to the Picard goupoid of O x — torsors on that space. Given a gerbe 25 and elements xi,x 2 G K(&), we 
actually get an O x — torsor C Xl,X2 on X defined as the obstruction to lifting translations to the gerbe 
in an additive manner. In other words, we have the following definition 

Definition 3. The O x -torsor C Xl ' X2 is the automorphism of & given by the composition of isomor- 
phisms 

(8) © ->• (x 1 + x 2 ) ■ © = xi • (x 2 ■ 25) X! ■ © -)■ ©. 
We will calculate the pullback to i? 2 (A(©), Pic(X)) of the class in 

H 2 (K(<3), Pic(X)) 

which classifies the extension ([5]) and corresponds to the image of [©] G H 2 {X, CD* under the map 
d 2 from the spectral sequence H]). 

3. A Criterion For Invariance 

In this section we use the canonical cocycle to see how a gerbe © defined by the cocycle $ defined in 
([3]) transforms under the pullback by a translation. The main point is that after translating a cocycle, 
one can put it back in canonical form to see how it changes. A subgroup of the torus will fix the gerbe 
and this subgroup has a canonical central extension. This extension involves choices of an isomorphism 
of a gerbe and its translation. 

Translation by w G V acts trivially on A = tti(X) and so it multiplies the cocycle $ defined in © 
by a factor of 

exp(£f Al ,A 2 (w)) = exp(fc(w, \ 1 ,\ 2 ))exp(il(w, Ai,A 2 )) 
where the functions k and I are defined by 

(9) fc(A 1 ,A 2 ,A 3 ) = Re( J ff A2 , A3 (A 1 )) = g(^(Ai, A 2 , A 3 ) + \e{i\ u i\ 2 , A 3 ) + ^E(i\ u A 2 , iA 3 )) 
and 

(10) I(Ai,A 2> A 3 ) =Im(^A 2 ,A 3 (Ai)) = J(^(Ai,iA2,A 3 ) + ^E(\ 1 ,\ 2 ,i\ 3 ) -£(<Ai,A 2 , A3)). 
For future use we record an easy calculation 

(11) l(w,v, iX) — l(w,iv, A) = — (jS(iw, iv,X) — E(iw, v, iA).) 
So we have 

(12) (iu • $)a!,a 2 = exp(i/ Al ,A 2 M) $ A 1 ,A 2 - 

As is common, in order to put this cocycle in canonical form, we want to kill the part of this extra factor 
that is multiplication by a non-zero real number, i.e. multiply it by a boundary to make it unitary. It 
is easy to check that Ai 1— > exp(— il(w, v, Ai)) does the job; however it is not holomorphic. However we 
can add another term to make it holomorphic. Let rf" G C 1 (A, O x (V)) be defined by 

(13) r f\{ v ) = exp(— il(w, v, A) — l(w, iv, A)). 
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So 

($V w )\iM = exp(-il(w, Ai, A 2 ) - l(w, iAi, A 2 )) 

Therefore 

(14) ((w ■ $)(<5?7 u '))a 1 ,a 2 = $a 1 ,A2 exp(k(w, A 1; A 2 ) - l(w, iA X) A 2 )). 

Recall that 

l(w,Xi, A 2 ) = ~(^-E(w,i\i, A 2 ) + Ai,i\ 2 ) - £(uu, Ai, A 2 )) 

and 

fe(w, Ai,A 2 ) = -^(w,Ai,A 2 ) + -E(iw, A 2 ) + -E(iw, Ai, iA 2 )) 

so 

l(w,iXi, A 2 ) = - ( - -£(tc, Ax, A 2 ) + -£(«;, iAi,«A 2 ) - E(iw,iXt, A 2 )J. 
Putting this together we can write out the term appearing in (|14[) more explicitly: 



: Q-E(u>, Ai, A 2 ) + |^(iti;,iAi, A 2 ) + ^E(iw, X 1: iX 2 ) - ^E(w, iXi, iX 2 )j . 



k(w, Ai, A 2 ) - l(w,iX 1 ,X 2 ) 
(15) = W3 

When we skew-symmetrize k(w, X\, A 2 ) — l(w, iXi, A 2 ), we get the element of Alt 2 (A, R) given by 
2/c(u;, Ai, A 2 ) - l(w,iXi, A 2 ) + l(w,iX 2 , Ai) 

(^6) = ^(3-E( w , Ai, A 2 ) + 2E(iw,iX 1 ,X 2 ) - E(w, iXi,iX 2 ) + 2E(iw, Xi,iX 2 )^ 

= - (5E(w,Xi,X 2 ) - 3E(w,iXi,iX 2 )j. 

Therefore, in terms of the data 

(B, E) e Alt 2 (A,R) x Alt 3 (A,Z)( ail ) + (i.a) 
which describes the gerbe (see ((3])), the translation looks like 

(17) (B, E)^-\B + \ (bE{w, ■, •) - 3E(w, i; i-)) , E 



Since the element | (3E(w, Ai, A 2 ) + 3E(w, iXi, iX 2 )^j is clearly of type (1, 1) we conclude that the 
translation of the gerbe is equivalent to the original gerbe tensored with the gerbe described by 

(Ai,A 2 ) h-» exp(E(w, Ai, A 2 )). 

Lemma 1. For any gerbe & on a complex torus X — V/A defined by a canonical cocycle with 
topological type E and any w € V the canonical cocycle for the gerbe w ■ © is 

(Ai, A 2 ) n- exp(E(w, Ai, A 2 ))$ Ai ,a 2 

The translation of 25 by w is isomorphic to the original if and only if 

E(w,-,-) e Alt 2 (A,Z) +Aft 2 (A,R) (1 ' 1) . 

□ 

For instance, if w £ A then the translation is actually trivial as a map of the torus and so this must 
be the case that this is possible. In order to avoid writing this element more than necessary, we record 
this as follows 

Definition 4. For a holomorphic gerbe with topological class E G Alt 3 (A,Z,) = H 3 (X 1 Z) on a complex 
torus X = V/A, we denote by P the map 

X -> Alt 2 {A, R)/{Alt 2 (A, Z) + Alt 2 {A, R)^) 

given by 

P(x) = [(Ai,A 2 ) h>%Ai,A 2 )] 

for w any lift of x to V. 
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Definition 5. Define the group K(E,V) of a holomorphic gerbe with topological class E G Alt 3 (A,Z) 
on a complex torus X = V/A to be the subgroup of V defined by 

(18) K(E,V) = {w G V\E{w,X 1 ,X 2 ) G Alt 2 {A, Z) + Alt 2 {A, R) (M) } 
or simply 

K(E,V) = P- I (e x ). 

Thus as a result of the description of gerbes in terms of canonical cocycles from [2] we have shown 
the following corollary: 

Corollary 1. Let w be an element in V lifting some translation action by an element of X on it- 
self. Then a holomorphic gerbe with topological class E G Alt 3 (A,Z) = H 3 (X, Z) is invariant under 
translation by w precisely when the element of Alt 2 (A, R) given by 

(Ai,A 2 ) ^ E(w,Xi,X 2 ) 

goes to zero in 

Alt 2 (A,R)/ (Alt 2 (A, Z) + A/t 2 (A,R) (M) ) 

or equivalently 

E(w,Xi,X 2 ) G Alt 2 (A,Z) + A/t 2 (A,R) (1 ' 1} . 
It should be noted that the Hodge Projection 

H 2 (X,R) = Alt 2 (A,R) -> A 2 (F V ) = H 2 (X,0) 

given by 

(19) uj h (wi, tu 2 ) = — \ u>(wx, 11)2) — oj(iwi, 811)2) + iu> (111)1,11)2) + iu(wi, iu> 2 ) 

sets up an isomorphism 

Alt 2 (A,R)/(Alt 2 (A,Z)+ Alt 2 (A,R) {1 ^) = A 2 V V /Alt 2 (A,Z) H 

where Alt 2 (A,Z) H is the image of Alt 2 (A,Z) under the Hodge projection. 

Notice that A C K(E, V) as expected from the interpretation of K(E, V) as automorphisms fixing 
a gerbe. Indeed for w = A3 G A we can add an element of type (1, 1) to make the term appearing in 
Equation [TB] integral: 

(2Q) I (5£(A 3 , Ai, A 2 ) - 3E(X S , iX u *A 2 )) + ^ (sE(X 3 , Xi, A 2 ) + 3£(A 3 , iAi, iA 2 )) 

= S(A 3 ,A 1 ,A 2 ) G Z. 

In fact more generally we have 

E(w, Ai, A 2 ) G Z VAi, A 2 G A => w G if (£, V"). 

and therefore A C if (-E, V). Thus we have shown the following 

Lemma 2. Given any complex torus X = V/A and a holomorphic gerbe 25 on X, 

K(<8) = K(E,V)/A c X 

where K(<3) was defined in definition ([7]) and K(E, V) was defined in Equation j!8\) . 

Example 2. Let X — V/A be a complex torus of complex dimension 2 such that the Neron-Severi 
group of X is trivial. Ln this case P(w) = E(w, ■, •). Choose a basis ei,e 2 ,e3,e4 ofV and let 

E = e\ A e* 2 A e* z . 

We compute here 

{w\E(w,-,-) G Alt 2 (A,Z)}/A c if (25). 
where 25 is a gerbe of topological type E. Given an element 

w = wiei + w 2 e 2 + w 3 ez + w^e^ G (R/Z) 4 , 

E(w,-,-) lives in Ali(A,'Z) if and only if 11)1,11)2,11)3 G Z and therefore S 1 C K (2?) and R C A(25). 
For another example we can take E to be twice any class in Alt 3 (A, Z). Let & be a holomorphic gerbe 
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on X with topological type E . Then we have a finite subgroup \A/ A C K(<3) and a discrete subgroup 
|AcA(<S). 

4. An Explicit Choice of Isomorphism 

In the following we would like to actually pick an equivalence for each element of A(G5). In practical 
terms, given w G A(0), we would like to find t w G C 1 (A, O x (V)) such that 

(w ^){5t w ) =ip. 

Definition 6. For every translation preserving a gerbe (presented by a canonical cocycle) we now 
choose an explicit isomorphism from the translated gerbe to the original. In order to do this we chose 
a decomposition of the term appearing in |-?7| ). 

(21) ^(5E(w,XuX 2 )-3E(w,iX 1 ,iX 2 f) = E W (X 1 , A 2 ) + e w (X 1 , A 2 ) 

where E w G Alt 2 (A, R)( 1,:L ) and e w G Alt 2 {A,'L), corresponding to a gerbe that is translation invariant. 
This decomposition is unique when the Neron-Severi group Alt 2 (A, M.)^ 1 ' 1 ' PI Alt 2 (A,'Z) of the torus is 
zero, but in general it is not unique. The decomposition in Equation h21)) is equivalent to the two 
conditions 

E(w, ; .)( 2 >°}+(°' 2 ) = ( e ™)( 2 .°)+(°> 2 ) 

and 

^E(w, ■, = E w + (e w )^ 

Define fj, w G C^A^l)) by 

(22) ^ = exp (Ie{iw, iX, X) + ±E(iw, A, iX) 



_ 16 V2 v ' ' ' 2 
We can use \x w as a first step towards bounding the term multiplying $ in Equation (fT4"|): 

exp (k(w, Ai, A 2 ) - l{w, iXi, A 2 )) (S^ w )\ u \ 2 
(23) = CX P (j^ (5E{w, Ai, A 2 ) - 3E(w, iXi, iA 2 )) J 

= eiq ? (±E w (X 1 ,X 2 ) + ±e w (X l ,X 2 fj . 

We know that this is a boundary precisely because its skew symmetrization lives in Alt 2 (A,Z) + 
Alt 2 (A, K)^ 1 ' 1 ), We now produce elements v w and 4> w in C7 1 (A, O x (V^)), bounding the two terms 
exp (ie l0 (Ai, A 2 )) and exp (i£™(Ai, A 2 )) which appear on the right hand side of Equation (|23|) . If 



A = ^V ( A* 

i 

^=exp f-I^^n^j 



(24) 
then 

(25) eK P (^e w (X 1 ,X 2 )\ {5v) XlM = l. 

Let <j) w G C\A, O x (V)) be defined by 

(26) $-=exp(L>,A)) 
where 

L w (v,X) = l -E w {iv,\) - ±E w (v,X) + ^E w (iX,X). 
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Then 

(27) ex P Qi^(Ai,A 2 )) (WK.a, = 1, 

here the choice of L w can easily be guessed from the Appell- Humbert theorem for line bundles discussed 
in 0. 

Combining Equations (O, ([22]), (J24J) , and ([26]) we define 

(28) a = </>a Ma ?7a 
which gives an isomorphism 

w ■ © -> © 

from the translation of the gerbe back to the original gerbe. The formula giving r is 

(29) r^(v) = exp(T(w,v,X)) 
where 

T(w, v, A) = L w (v, A) - i f~£(n<;, iA, A) + ±E(iw, A, »A) 

( 3 °) 1„ 

- il(w,v, A) - l(w, iv, A) — - € w {ni\ % ^jX 1 ). 

i<j 

Using Equations (HU), fl23]), (g5]), and ([57]) we conclude that for w £ K(E) we have 

exp(i? Al , A2 H)(^) Al , A2 = 1 
and so from the behavior under translation given in Equation (|40l) we have 

(( W -$)(<5r-)) Al , A2 =$ Al ,A 2 . 

5. The First Obstruction 

The map from © to itself shown in ([8]) is the O x -torsor C Wl,W2 on X described by the cocycle ~, Wl ' W2 
in Z 1 (A,O x (V)) 

E W1 ' W2 : A -> O x (V") 

given by 

(31) H""'"' 2 = (t Wi+W2 )~ 1 (w 1 -t W2 )t Wi . 

In order to proceed, recall that we choose for each w G A((5) a decomposition as in Equation (f2Tj) . 
Fix u>i and W2 and write 

J£Wi+W2 E Wl -\- E W2 -\- (J W ~L> W 2 

and 

where C = — ( £ NS(X). Notice that NS(X) is acted on trivially by translations and C is also 
symmetric under exchange of w\ and W2- 

Assumption 1. We can easily find several cases where it is clear that the E w can be chosen so that C 
vanishes (it could be that this is always the case). We will from now only consider subgroups of A(0) 
for which C vanishes. 

Notice that above assumption holds in the following cases 

(1) when we restrict to the subgroup A((5)z of A(0) defined by 

A(<S)z = {w\E{w,-,-) G ^i 2 (A,Z)}, 

this will be called the integral case, 

(2) when we restrict to the subgroup ofA(0)( 11 ) of A(0) defined by 

A(<8) (M) = H%,y) € Alt^A^Y 1 -^}, 

this will be called the case of type (1, 1), 

(3) in the case where NS(X) vanishes and we work with the full group A(0). 
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In the remainder of the paper, we will calculate the classes [S] in H 2 (A(<&)%, Pic(X)) 
and H 2 (A(©)(! !), Pic(X)) corresponding to the first two of the above cases. This class is the first 
obstruction to equivariance. When this class vanishes, we calculate a second (and final) obstruction 
to equivariance, also in the first two of the above cases. The second obstructions in the first two of 
the above cases will live in _ff 3 (A(0)z, C x ) and if 3 (A(©)( 1 ^, C x ) respectively. The first and second 
obstructions correspond to the images of [25] under the second and third differentials from the spectral 
sequence . 

All terms contributing to r (see Equation (|28| ) which do not depend on v make no contribution to 
the factor £ u ' 1 ' u ' 2 . This makes /i, v and part of 4> irrelevant and so we are left with r\ (see Equation 
(fl~3l) ) and the non-constant part of cf) (see Equation (|26|) ). 

= exp (T(w 2 , v + wi, A) - T(w 1 + w 2 , v, A) + T(wi,v, A)) 
^ 32 ) = ex P (-L™ 1+W2 + wi ■ L™ 2 + L™ 1 - il(w 2 , w\, A) - l(w 2 ,iwi,X)) 

= exp (^-E W2 (iwx,\) - ^E w *{wi,\)-il{w2,wi,\)-l{w 2 ,iw 1 ,\)j 
= exp(S(w 1 ,w 2 ,X)) 

where 



S(w 1 ,w 2 ,X) = l -E W2 {i Wl ,X) - ^E W2 {w 1 ,X)-il{w 2 ,w 1 ,X) - l(w 2l iw 1: X) 

(33) = - X -E W2 (wi, A) - i ( - ^(t«2, wi, A) + ^E{w 2 ,iw 1 ,iX) - E(iw2,iwi, X)j 

i i f 1 1 \ 

+ -E W2 (iwi, X) - - y-E(w 2 ,iwi,X) + -E(w 2 ,wi,iX) - E(iw 2 ,w 1 , A)J 

Recall that I was defined in Equation (fT0|) and for w £ A(0), i?™ is given by Equation (|2Tj) . Notice 
that S is constant, it does not depend on v. It is also easy to see that as a cohomology class in 
H 2 (A{&),H 1 (X 1 O x )) that 5 does not depend on the choices of E w . As an element in Z 1 (A,O x (V)), 
£tui,ti>2 j s equivalent to an element of Z 1 (A, U(l)) = Hom(A, U(l)). Therefore [S] is in the image of the 
obvious map # 2 (A(0),Pic° (X)) -4 iJ 2 (A(25), Pic(AT)). 

Remark 3. The multiplication rule in the group ttq(G(Q5)) described in (0|) is 

(ai,wi) (a 2 ,w 2 ) = 

(34) / 
(aia^T™ 1 2 ) (wi •r A 2 )r A 1 ,a; 1 + x 2 J = I aia 2 exp ( u> 2 , •) J > u>i + w 2 

/is easy to see directly that this is associative, but this also follows from the functoriality of pulling back 
gerbes. 

When we multiply J32J by the boundary of 8 e C 2 (K(<5), O x (V)) defined by 

/ i 1 

(35) B Wl ' W2 (v) = exp{il(w 2 ,w u v) + l(w 2 ,wi,iv) ~ -E W2 (i Wl ,v) - -E W2 (iwi,iv) 

we bring it into Z 1 (A, [/(!)) where it becomes (using Equation ([TTjO 



exp 



(36) 



( — l(w 2 , iw\,X) + l(w 2 ,wi,iX) — E W2 (wi,X)j 



= exp n^(j£(iw2,iwi, A) - E(iw 2 ,wi,iX)^J - E W2 (wi,X)j . 



Corollary 2. The short exact sequence (G|) is classified by the element o/iZ 2 (A(0), Pic(X)) represented 
by 

(wx,w 2 ) i-> A i-4 exp ^^E(uy 2 , iwi, A) - E(iw 2 , w\, iX)^j - E W2 (w 1 ,X)^j 
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This is the first of two possible obstructions towards the equivariance of under K(&). When this 
obstruction vanishes there is an additional obstruction in H 3 (K((5),C X ) which we discuss later. 

We now analyze our lift of [3] to H 2 (A(&), Pic°(A)), where we identify Pic°(A) = Hom(A,U(l)). 
Skew-symmetrizing Equation (|36[) gives us the element in Alt 2 (A(©), Hom(A, U(l))) given by 

cxp (^(2E(iw 2 ,iwi,\) - E(iw 2 ,w 1 ,iX) - E(w 2 ,iw 1 ,iX)^j + (-E W2 (w u X) + E wl {w 2 ,Xj)^j 

(37) = exp (^(2E(iw 2 Jwi,X)- E(w 2 ,w 1 ,X)+E(iiV2,iw u X)} + (~E W2 (wi , A) + E 1 " 1 (w 2 , A))^ 
= exp (l(3E(iw 2 , iW i,X) - E(w 2 ,w lt xfj + (-E W2 (w lt X) + E Wl (w 2 ,X)) 

In the next two sub-sections we refer to the two different cases discussed in assumption [TJ 

5.1. The Integral Case. In the first case we look at the subgroup A((5)g of w £ A(&) such that the 
contraction with E is integral. In this case we can take 

(38) E w = ~(E(w,;-) + E(w,i-,i-)) 

and e w = E(w, •, •). These are clearly linear in w. In the special case that ui\ and w 2 both contract 
with E to form something integral we get using Equation ([38)1 that Equation ([37)) becomes 

exp ( - (3E(iw 2 , iw\, X) — E(w 2 , wi, X) 
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(:■!<)) ' V« 



exp [ -(^(E(w 2 ,wi,X) + E(w 2 ,iwi,iX) - E(wi,w 2 ,X) - E(wi,iw 2 , iX))j 



— exp (- ^3E(iw 2 , iwi, A) + 5E(w 2 ,wi, A) + 3(E(w 2l iwi,iX) — E(wi,iw 2 ,iX))^J 
= exp(E(w 2 ,Wi,X)) 

Therefore the obstruction in this case is the element of Alt 2 (A(<S)z, Pic (A)) given by 

(wi,w 2 ) h>[Ah E(w 2 ,wi,X)]. 

We now give an example of a subgroup on which the theta extension ([5]) of K(&) by Pic(X) does not 
split and therefore the gerbe is not equivariant for this subgroup. 

Example 3. Let X = V/A be any complex torus of dimension 2. Let A C V be spanned by ei,e 2 ,es 
and e4 and let 

E = 2e\ A e* 2 A e* 3 

Then the contractions of E by ^e± and \e 2 are clearly integral. Let & be a gerbe on X with topological 
type E. The vectors |ei and \e 2 generate a subgroup Z/2Z x Z/2Z C K(<3) and it pulls back to a rank 
2 sub-lattice 0/5 A C V. Over this sub-lattice the sequence (0) does not split and so & is not equivariant 
for this copy o/Z/2Z x Z/2Z. This follows immediately from Remark^ and the fact that iS9\) is not 
trivial if we evaluate on X — 63, w\ — \e\, w 2 — \e 2 . 

5.2. The Case Of Type (1, 1). In the second case found in Assumption [TJ the contraction of E with 
with w is assumed to be of type (1, 1). We can define 

E w = 4E(w,-,-) 



exp 

(41) 
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again ensuring that C and £ vanish. Now using Equations (p} and (|2~Tj) we have in the special case that 
e w vanishes meaning that E(w, •, •) has type (1, 1). 

-E w *(w 1 ,X)+E Wi {w 2 , A) 

= g( — 5E(w 2 ,w 1 ,X) + 3E(w 2 ,iw 1 ,i\) + 5E(wi, w 2 , A) - 3E(wi,iw 2 ,iX) 

(40) 1 / 

= - ^ — lOE(w 2 , wi, A) + 3i£(u>2, wi, A) - 3E(iw 2 ,iw 1 ,X) 

= — 7E(w 2 , wi, A) - 3E(iw 2 , iw%,X) 
Therefore substituting Equation (j40|) into Equation (|37|) we see the factor is 

^(-8E{w 2 , Wl ,X)) 
= exp (e(wi,W2,X)j- 

Therefore the second obstruction in this case is the element of Alt 2 (A(©)(! n, Pic°(X)) given by 

(wi,w 2 ) 4[)h> E(wi,w 2 , A)]. 

6. The Second Obstruction 

When the first obstruction vanishes then the element 9 defined in Equation (|35|) can be considered 
a trivialization of the first obstruction (whenever such a trivialization exists) . 

Remark 4. Strictly speaking to fully trivialize the first obstruction S one mwsi aZso choose a cocycle 
whose boundary is the difference between and its skew symmetrization. However, this comes at no 
cost because such a cocycle will have no boundary with respect to the group A(<8). 

The boundary map of 8 with respect to the group A(25) gives the following cocycle in Z 3 (A(25), C x ): 

/ i 1 

(42) e W2 ' w *( Wl ) = exp ( il(w 3 ,w 2 , Wl ) + l(w 3 ,w 2 ,i Wl ) - -E W3 {iw 2 , Wl ) - -E W3 (iw 2 ,i Wl ) 

The associated class in iJ 3 (A(25),C x ) represents the lift to A(25) of the image of [0] under the differ- 
ential d 3 from the spectral sequence introduced in (j4j) . When we skew-symmetrize this with respect to 
Wi,w 2 , u>3 we get the image of the second obstruction under the isomorphism 

i? 3 (A(0),C x ) £ Alt 3 (A(0),C x ). 

It comes out to be 

(43) exp (3 (E w *(w u w 2 ) + E w ^ (w 2 ,w 3 ) - E W2 ( Wl , w 3 ))) 

6.1. The Integral Case. In the integral case we restrict to the subgroup A(25)z defined in Assumption 
[T] and we make the substitution 

E w = ~(E(w,;-)+E(w,i;i-)) 

the expression (f43|) reduces to 

(44) [( Wl ,w 2 ,w 3 ) m- exp(-9E(wi,w 2 ,w 3 ))] 6 Alt(A(25) z , C x ) 

Example 4. Let X = V/ A be two dimensional with NS(X) = and a basis for V given by e±, e 2 , e 3 , e^, 
let 25 be a gerbe with topological type 

E = \e\ l\e* 2 r\e\. 

If we consider the subgroup ^A C A(<8) then the first obstruction to 25 being equivariant for this subgroup 
vanishes. The assumption that NS(X) = ensures using the Hochs child- Serre spectral sequence that 
the map 

H 2 (U/A,Pic(X))^H 2 (±A,P iC (X)) 
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is injective and so the first obstruction to ^A/ A-equivariance vanishes as well. Applying Remark^ and 
Equation ft44V we see that the second obstruction for ^A-equivariance does not vanish because 8 does 
not divide 4 • 9 = 36. Therefore the second obstruction for | A/ A-equivariance also does not vanish. 

6.2. The Case of Type (1, 1). In this case we restrict to the subgroup A((5)n n defined in Assumption 
[JJ and we can make the substitution 

E w =AE{w,-,-) 

into (|4"3"|) to reduce it to 

[( Wl ,W2,w a ) i-> exp(36E(wi,w 2 ,w 3 ))} G Alt(A(0) (X)1) , C x ). 

7. A Gerbal Action on the Stack of Twisted Sheaves 

There sheaves of Og-modules on a gerbe © form an abelian category Mod(0@). We would like to 
think of this category as a sort of categorical analogue of a vector space. The direct sum here plays the 
role of addition while the action of the groupoid Vic°(X) plays the role of scalar multiplication. The 
group K(<3) defined abstractly in Definition [JJ and explicitly described in Lemma [5] of translations of a 
complex torus X that fix a gerbe © on X act on this category by functors which preserve the structure 
of direct sum and tensor by elements of Vic°(X). There are three possible ways that it can act which 
we describe in order from weakest to strongest. Each case is a special case of the ones preceding it. 
Following Frenkel and Zhu from 7 we call the middle case a gerbal representation. These actions are 
analogous to the projective representation on H°(X,C) (or twisted equivariant structure on C) of the 
group of translations which fix a holomorphic line bundle £ on a complex torus X. Although we do 
not try it here, it might be interesting to look at twisted equivariant sheaves in this context instead of 
just twisted sheaves. 

Let © be an O x gerbe on a complex torus X — V/A with topological class 

E e Alt 3 (A,Z) = H 3 (X,Z,). 

Let D C K(0) be a discrete subgroup following the requirements in Assumption [TJ Then for every 
x G D there is an autoequivalence F x of Mod(C®) as an abelian category which commutes with the 
action of Vic°(X). For every pair of elements x\, x-i G D there are invertible natural transformations 

N Xl ,x 2 '■ F Xl+X2 — > Tc*i,* 2 o F Xl o F X2 

where Tci-"a is the functor given by tensoring with the line bundles corresponding to the C Xl ' X2 . These 
line bundles are analogous to the discrepancy that appears in the failure of a projective representation 
to be an actual representation. In the standard case of line bundles on a torus, the fact that it is a 
scalar is due to compactness of the torus but in general situations it need not be so. In our case, the 
fact that the line bundles £ are of degree zero follows from Assumption [TJ but in general this should be 
generalized to arbitrary line bundles. It easy to see in this case that for every triple xi,X2,X3 there is 
an isomorphism 

£X\,X2+X-i ^ £X 2 ,X 3 £X\,X2 £Xi+X 2 ,X 3 

which satisfies a coherence condition involving 4 group elements. This means that C is in the category 
of 2-cocycles of the group D with values in the groupoid Vic°(X) as defined in [T4"] . 

For the next strongest notion of group action we assume that the line bundles can be trivialized. This 
can be done under the condition of vanishing of the first obstruction. Therefore we consider invertible 
natural transformations 

Af X i, X2 • E Xl -i rX2 y ^x i o F X2 
Given xi,X2,Xa € D there are two ways of mapping F Xl+X2+X3 to F Xl o F X2 o F X3 : 



(id-F^ oAT X2>X3 )oJV xliX2 + X3 



(45) 



F. 



X!+X 2 +X 3 




F Xl o F X2 o F X3 
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The two natural transformations shown above factor as 



Ex 1 -\-x 2 -\-x 3 f ° F X2 -\-x 3 ^ Fxi ° Fx 2 ° -^a; 



and 



3= 1. 3=2 + 1=3 p p 3=1 2. 3 

- r a;i+a:2+a;3 7 -fzi+ar^ u ^213 ? 1 x% u r x 2 u r x 3 - 

The discrepancy between these two compositions defines a constant and there is an additional coherence 
relation involving 4 elements of D. This defines a class in H 3 (D,C X ) where the C x appears as the 
group of automorphisms of the identity functor (or any autoequivalcnce) . 

The last and strongest notion of group action is when the invertible natural transformations N can 
be chosen so that Diagram (|4"5j) commutes on the nose. This can be done if the second obstruction 
vanishes. 

Theorem 1. The three different types of representations described above exist for various discrete 
groups D as described in Assumption [7J Whenever the first obstruction vanishes, the pullback of the 
above element in H 3 (D,C X ) to H 3 (ir~ 1 D,C x ) is the cohomology class represented by 

where Q W2 ' W3 (wi) was written explicitly in Equation \^2^ . 

Proof. The stack of Ox-modules on X has a canonical equivariant structure for every discrete 
group action on X, it consists for every group element of a map of stacks from the pullback of the 
stack to itself, and natural transformations for every pair of group elements which satisfy the coherence 
condition for three group elements. We consider sheaves on © as certain maps of stacks from to the 
stack of Ox-modules on X. Combining this with the above structure, any automorphism of X defines 
a pullback map from sheaves on © to sheaves on the pullback of 25. If is invariant under the group, 
we can then chose isomorphisms from the pullback of by any group element to ©. This gives us for 
any group element an autoequivalence of abelian categories of Mod(O0). The functors F x are defined 
by 

F X S = M X ® t* x S 

where A4 X is a trivialization of © g) (x ■ <S) _1 . These A4 X are the twisted line bundles corresponding to 
t w for some w lifting x and were defined in Equation ((28)) . The cocycle S W1 ' W2 defined in Equation (l3lT) 
describes the line bundles C X1 ' X2 . The natural transformations N XltX2 correspond to the trivializations 
qwx,w 2 dgfj^gj m Equation (|35|) for some lifts w\, W2 of Xi,X2- □ 

Corollary 3. We make the same assumptions here as in Theorem [7J Suppose also that the first 
obstruction vanishes. Then the gerbal representation from the above theorem gives rise to a class in 
H 3 (ir~ 1 D,C x ). In the case that ir~ 1 D C A(®)z, this class is represented by the cocycle 

3 

(wi, W2,w s ) i-> exp(--E(w 1 ,w 2 ,w 3 )). 

In the case that ir~ 1 D C A(0)n ) i), this class is represented by the cocycle 

(wi, w 2 ,w 3 ) i-> exp(6E(wi,w 2 ,w 3 )). 

Proof. This follows from the discussion in Section □ 
When this second obstruction is non-trivial one knows [7] that for no choice of functors and natural 
transformations as above will diagram (|45p commute. 

Remark 5. The above three types of actions also have local versions for which the group acts on the 
O-linear stack AAod(0&) of 0& — modules on X . Here, the functors F x are replaced by maps of stacks 
from the pullback of the stack to itself. We leave it to the interested reader to write that out. This is 
important in that we would like also to define representations on "cohomology categories" which are 
defined for an O-linear stack, whereas here we have only discussed the representation on the zeroth 
cohomology given by the global sections. 
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